1. Introduction and statement of results. An entire function/(z) is said to be of exponential type a if either f(z) is of order 1 and type âa or it is of order < 1.
It has been proved by Plancherel and Pólya [9, p. 124 ] that if f(x) eLp(-oo, co) for some pi I, i.e.
(l.i) n \f(x)\"dx J -00
exists, then/(x) -> 0 as x -*■ ±oo. Hence/(z) is bounded on the real axis. In fact, a more precise statement can be made. The above theorem is due to J. Korevaar [7] and the bound in (1.2) is known to be precise for p = 2. For example, the function In fact, (1.5) holds only if/0(z) is [7, p. 59] a constant multiple of (z-z0)_1 sin a(z-z0).
The form of the extremal function in the case p = 2 suggests that for functions which are real for real z we should hope to get better estimates at nonreal points. It is equally clear that for functions which do not vanish in the upper half plane inequality (1.2) can be refined for points in the lower half plane. We prove Q. I. RAHMAN [January Theorem 1. If f(z) is an entire function of exponential type a which is real on the real axis, and if (1.1) exists, then for 2k<pS2k + 1, k = 0, 1,2,...
(1.6) \Ax+iy)\> S ¿ {J*^ \f(x)\* dx} J"^ (cosh yt)*2" dt.
In particular, for p = 2, we have
For large values of | v| the right-hand side of (1.7) is asymptotically
which is better by a factor of 1/2 than the corresponding asymptotic bound
given by (1.2).
For v = 0 the two inequalities (1.2) and (1.6) give the same estimate. This is just the thing one should expect (see (1.4) ). However, if/(z) is nonnegative on the real axis then the bound can be considerably improved. In fact, we have Theorem 2. Iff(z) is an entire function of exponential type a which is nonnegative on the real axis, and if (I.I) exists then for 2k'1<pS2k, k-0, 1, 2,... (1.8) \f(x)\"S ±-2ka r \f(x)\*dx. Iff(x)eLp(-ca, oo) then for y<0, 2k<pS2k + 1, k = 0, 1, 2,... By applying this result to the function eiazf(z) below we obtain the following Theorem 3'. Letf(z) be an entire function of exponential type a such that hf(n/2) = a. Iff(z) does not vanish in the upper half plane and if (I.I) exists then for y <0, 2k<pS2k + 1,k = 0, 1,2,...
(1.6') \ftx+iy)\v£J-\ (coshyty2*dt \f(x)\"dx.
Asymmetric entire functions were introduced by the consideration [2, p. 94] that if P(z) is a polynomial of degree n then P(eiz) is an entire function /(z) of exponential type n such that h¡( -it/2) = n and f(x) is bounded for real x. If P(z) has no zeros in \z\ < 1, then/(z) has no zeros in y>0, and moreover (since P(O)^O) h¡{n¡2) = 0, i.e. f(z) is asymmetric.
Clearly, P(eiz) is periodic on the real axis with period 2rr. As a consequence P(eiz) cannot belong to V(-oo, co) for any^^ 1. However, (1.9) is trivially satisfied for such asymmetric entire functions. Since in this case the right-hand side is +oo and the left-hand side finite, an inequality like (1.9) is of no value. It is more appropriate to take norms over (0, 2tt). The following theorem stands in analogy with Theorem A. We may take norms over an arbitrary piecewise differentiable curve C and seek to maximize ||P|| oo/||P||p when P varies inside the class of all polynomials of degree at most «. Here we only consider the case when C is the unit interval -1 S x S 1, and prove: Theorem 8. IfP(z) is a polynomial of degree «^ 1, then for every p>l (1.14) ||/»||. = max^ |F(x)| S K(p)n2l"(^ Ç \P(t)\> dtj'* = K(p)n2'»\\P\\p where K(p) is a constant which depends only on p, but not on P(z) or on n.
We have a feeling that in (1.14) n2lv cannot be replaced by any function of n tending to oo more slowly. For p = 2 it is definitely so. Mr. G. Labelle has worked out the following precise estimate in this case (see also [4, p. 245] ).
This estimate is sharp but unfortunately the method of proof is limited in scope so much so that it does not give anything if p is other than 2.
The problem of estimating the coefficients of a polynomial F(z) = 2ï=o ovzv in terms of
is closely connected with the above. For example a0 is nothing but F(0), ai is F'(0) and av is 1>! P<v)(0). We prove Lemma 2. For an entire function f(z) of exponential type a to have the representation f(z)=<j>(z)f(z) where <f>(z) is an entire function of exponential type a/2 with zeros in one of the half planes Imz^Oorlmz^O, it is necessary and sufficient that f(z) belong to the class A and be nonnegative on the real axis. On multiplying both sides by \eiaz,2\ the lemma follows. Let i be the unit interval -1 ^ x ^ 1. The function z = i(w+w "1) maps the complement of I with respect to the extended complex plane conformally into the exterior of the unit circle |w| = 1 in the w-plane. The image in the z-plane of the circle \w\ = R is the ellipse SE whose foci lie at ± 1 and the sum of whose semi-axes is R. With this the following lemma becomes an immediate consequence of a result due to E. Hille, G. Szegö and J. D. Tamarkin ( [6] , see Lemma 2.2 and the remark which follows the proof of the lemma). A theorem of Gabriel [5] states that if Y is any convex closed curve in a complex z-plane and y any convex curve inside Y, and if <//(z) is regular inside and on Y, then (3. 4) j\m\'\dz\ S G jr\<P(z)\p\dz\.
Here p is any number ^ 0 and G an absolute constant.
Let us denote by Ci the circle \z-11 = l/(2(n2+n)). We take<f1 + 1/n as T and the circle Ci as y. From (3.3) and (3.4) we get (3. 5) jc \P(z)\'\dz\ < 2(l +l)e»Gi J"^ |P(x)|" dx, p>0
where Gy depends on p but not on P(z) or on n. By Cauchy's integral formula By considering P(-z) we conclude that (3.7), (3.8) hold also for -1 Sa< -\, -^SaSO respectively. Hence the desired result follows from (3.7) and (3.8).
Proof of Theorem 9. Using Cauchy's integral formula and Holder's inequality in succession we get , , |F(V)(0)|_| 1 f P(z) dz p> l, l/p+l/q= 1.
